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Abstract. We study the notion of full-compatibility: given two one-
dimensional subshifts H and V , is there a two-dimensional subshift X
such that H = {c|Z×{0} | c ∈ X} and V = {c|{0}×Z | c ∈ X}? We show
that this problem is decidable when both X and Y are nearest-neighbor
SFTs but undecidable when at least one is allowed to be of slightly higher
complexity. We also prove that the problem is undecidable for three
nearest-neighbor SFTs combined in a three-dimensional subshift.
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1 Introduction

In science, local constraints or rules are often well understood; however, their
global implications are often di�cult or impossible to determine. To better study
the link between locality and globality, one can look at a formal simpli�ed and
regular case. One example of such a context consists of using a regular line (or
grid) where each position is endowed with a state chosen among a �nite set, and
look at the implication of local constraints given by a set of forbidden words.

On the discrete line (dimension 1), this framework corresponds to an in�nite
word version of formal languages and has been heavily studied and its basics
are now well understood [11]. Most problems relating locality and globality are
decidable.

On the grid (dimension 2), this framework corresponds to tilings. In this case,
one surprising thing is that simple local constraints can lead to very complex con-
structions. A �rst example is the existence of an aperiodic set of Wang tiles [3].
This kind of �strange� object has been proven fruitful when physicists have en-
countered quasicrystals. Further studies have found and constructed many other
variants of such elements using self-similarity [10, 5], minimizing the size of con-
straints [4, 7], or using geometry [9, 12]. Depending on the construction, the un-
derstanding of the global structure is more or less complete.

With advances in dimension two, one current axis of research is to explore its
links with the one dimensional case. One recent example of such result is the one
from N. Aubrun and M. Sablik [2] that proves that any one dimensional in�nite
language from a large �complex� class (formally, whose forbidden patterns set is



2 Arthur Mittelstaedt and Gaétan Richard

semi-computable), can be seen as the projection of a �simple� two dimensional
one (with a �nite set of forbidden patterns). One other example is the work
of S. Esnay [6] and in particular [1] on the computational complexity of two-
dimensional tilings when horizontal constraints are �xed.

In this paper, we study the following question: given two one-dimensional
in�nite languages, can both of them appear in a two dimensional tiling (horizon-
tally and vertically). We also add one extra demand that every word appears: we
call this problem full compatibility. The paper is divided as follows: In section 2,
we give the formal de�nition of full compatibility and several basic and mean-
ingful examples. Then, we present one case where full compatibility is decidable
(section 3) and several cases where it is undecidable (section 4).

2 The Full Compatibility Problem

2.1 Subshift and traces

The elementary objects studied are the members of the set ΣZd

, given d a dimen-
sion and Σ a �nite alphabet. We call this set the full-shift over Σ and its elements
are called con�gurations. When d = 1 we alternately call them bi-in�nite words
or just words. The elements of Zd are called positions or vectors.

If c is a 2D con�guration (d = 2), and (x, y) is a position, then c(x,y) = c(x, y)
refers to the letter at position (x, y). This space is endowed with the distance

de�ned by d(c, c′) = 2min({|i| |ci ̸=c′i}). The resulting space is metric and compact.
The shift is the action of an elementary vector v : σv(x)p = xp+v.

These objects are intuitively considered as tilings, and since they are formally
de�ned using functions we will use some notations usually employed for func-
tions. Especially, we often use the restriction notation to refer to a precise part
of a con�guration. Let us say that c is a 2D con�guration, c|Z×{0} corresponds
to the tiled horizontal line at height 0 (resp. c|{0}×Z is the central column).

A pattern is a function of PΣ where P is a �nite part of Zd, called the
supporting set of the pattern. A pattern m appears in a con�guration c if ∃v ∈
Zd, σv(c)|P = m, a con�guration avoids a set of forbidden patterns if none of
its elements appears in it. For convenience, in dimension 2, we identify patterns
and tuples.

De�nition 1 (Subshift). A subshift is the subset of con�gurations of ΣZd

avoiding F , a certain set of forbidden patterns.

The name subshift comes from the fact that these sets are stable under the
shift operation. In fact subshifts are exactly the subsets of ΣZd

which are stable
under the shift and topologically closed. Note that there is always several sets
of forbidden patterns to describe a single subshift.

We also introduce some elementary notations to describe words. We use the
symbol ω as an exponent on the left or on the right of a letter to symbolize an
in�nite repetition. For example if a and b are letters and x is some �nite word
then ωaxbω stands for a word with an in�nite number of successive a followed
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by x, again followed by an in�nite repetition of the letter b. Note that even
if x is �xed, this description formally corresponds to an in�nity of words that
are just shifted versions of one another. We often abusively write c = ωaxbω to
say that c is one of the words described by ωaxbω. Note that the set of words
corresponding to ωaxbω, despite being stable under the shift, is not a subshift
as it is not necessarily closed, we should add the words ωaω and ωbω to obtain a
subshift.

De�nition 2. We can distinguish several types of subshifts according to the com-
plexity of their set of forbidden patterns:

� A subshift is of �nite type (SFT for short) if it is de�ned by a �nite set of
forbidden patterns;

� Such a subshift is nearest-neighbor SFT (NNSFT) if it can be described
by a set of forbidden patterns whose supporting sets consists of exactly two
adjacent positions. For one-dimensional subshifts this is equivalent to F ⊆
Σ{0,1}.

� A subshift is so�c if it is a letter-to-letter projection of an SFT.
� A subshift is e�ective if its set of forbidden patterns is recursively enumer-

able.

All these de�nitions are usual and widespread ones [8]. The nearest-neighbor
notion is a bit more speci�c case but appears naturally [1]: on the line, NNSFT
correspond to (bi-in�nite) traces of states encountered marching along a �nite
graph (and also Rauzy graph of order one); on the plane, Wang tilings [13] are
a classical example of NNSFT. In many cases, the additional size restriction of
the size of patterns is not signi�cant as any SFT is equivalent up to conjugacy
to a NNSFT (up to scaling). In this paper, this scaling operation is signi�cant
and will impact results.

2.2 Full-Compatibility

One classical question on subshifts is the following: �Given a �nite set of for-
bidden patterns, is the subshift avoiding it non-empty?�. This problem is com-
putable on the line but undecidable on the plane [3]. Due to the separation
between these two cases, one can study the link between these two dimensions.
A result by N. Aubrun and M. Sablik [2] states that any e�ective 1D subshift
can be seen as the set of lines of a 2D so�c subshift. More recently, S. Esnay has
studied the decidability of 2D subshift given horizontal constraints.

In this paper, our point of view is to give both the horizontal and the vertical
languages and see if they can be achieved by a 2D subshift simultaneously. More
formally, given two one-dimensional subshiftsH and V is there a two-dimensional
subshift X whose set of lines is exactly H and whose set of columns is exactly
V .

De�nition 3 (Fully-Compatible subshift).
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Two one-dimensional subshifts H and V with common alphabet are fully-
compatible if there exists a two-dimensional subshift X such that H = {c|Z×{0} | c ∈ X}
and V = {c|{0}×Z | c ∈ X}.

For following sections, where the decidability of the problem will be studied
we will consider the necessary condition that all letters that appears in some
con�guration of H also appear in some con�guration of V .

2.3 Basic properties and examples

This �rst formulation motivates the use of "compatibility" in the name of the
problem and show the goal of the study but it hides a clearer way to present this
question. Indeed, it is easy to verify that the set X = {c ∈ ΣZ2 | ∀i, c|Z×{i} ∈
H, c|{i}×Z ∈ V } is a subshift, as it can be obtained by combining forbidden
patterns from H and verticalized forbidden patterns from from V . We call X
the combiner of H and V . The compatibility problem can then be stated as :
given H and V , can all their con�gurations be found as lines and respectively
columns of con�gurations from X. Note that X could also be empty.

De�nition 4 (combiner of H and V ).
Given H and V two one-dimensional subshifts with alphabet Σ, the combiner

of H and V is the subshift X de�ned by :

X = {c ∈ ΣZ2

| ∀i, (c(j,i))j∈Z ∈ H and (c(i,j))j∈Z ∈ V }

Lemma 1. Let H and V be both SFT (resp. nearest-neighbor SFT, resp. so�c-
subshift, resp. e�ective subshift), their combiner is a subshift and can be chosen
SFT (resp. nearest-neighbor SFT, resp. so�c, resp. e�ective )

Proof. It is su�cient to take for the combiner the disjoint union of the horizontal
forbidden patterns of H and the vertical ones of V .

Let us give some simple examples. The H = V = ω(01)ω are fully-compatible
(corresponding to the 2D checkboard). More generally, any subshift V is fully-
compatible with H = ω(01)ω if and only if V is closed under complement.

On the other hand, given a set of Wang tiles (2D nearest-neighbor SFT), it is
undecidable to determine the set of its horizontal lines. In the case of [4], the set
of horizontal lines is not so�c and partially understood (encodings of irrational
numbers).

2.4 General direction

It can be noted that our paper deals with two orthogonal directions. Most of the
results can be extended to cases where those directions are arbitrary.

Lemma 2. Let U and V be two subshifts, u and v two non-colinear vectors.
The following properties are equivalent:
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� There is a two-dimensional subshift X such that: U = {c|Zu | c ∈ X} and
V = {c|Zv | c ∈ X}.

� U and V are fully-compatible.

Proof. Let us assume the �rst property, We take the subshift X and construct
C extracting point on the grid de�ned by (u, v) by:

C =
{
c(ku+ lv)(k,l)∈Z2 | c ∈ X

}
. It is clear that C is a combiner of U and V .

Conversely, let C be the combiner of U and V . As u and v are non-colinear,
the regular grid can been seen as a �nite disjoint union of (u, v) subgrids: Z2 =
⊎0≤i≤N {ku+ lv + di | k, l ∈ Z} with a �xed family of vectors d0, d1, · · · , dN ∈
Z2. Let us de�ne the subshift obtained by taking arbitrary con�guration of C
on each subgrid:

X = {c(x, y) = ci(k, l) with ku+ lv + di = (x, y) | c0, c1, . . . , cN ∈ C}

C satis�es the �rst property.

It can be noted that, in the previous proof X is a so�c subshift if and only
if C is. However, the property is not true for SFT. In particular, the subshift X
realising U and V along (u, v) could be of �nite type while U and V are not

3 Decidability of the compatibility of two

nearest-neighbor subshifts

In this section, we show that the compatibility problem is decidable for the case
where H and V are nearest-neighbor SFT. Let H and V be one-dimensional
subshifts of �nite type described by the �nite sets of forbidden patterns FH

and FV . As H and V are nearest-neighbor SFT we can consider that all their
forbidden patterns only consists of two adjacent letters.

Lemma 3. Let H and V be two nearest-neighbor SFT, they are compatible if
and only if the 4 following propositions are veri�ed:

1) ∀a ∈ H ∃b ∈ H ∀i, (ai, bi) /∈ FV

2) ∀a ∈ H ∃b ∈ H ∀i, (bi, ai) /∈ FV

3) ∀a ∈ V ∃b ∈ V ∀i, (ai, bi) /∈ FH

4) ∀a ∈ V ∃b ∈ V ∀i, (bi, ai) /∈ FH

Theses formulas state that for any con�guration a from H (resp. V ), you
can �nd con�gurations b, b' of H (resp. V ) such that stacking b, a and b' on
top (resp. at the right) of one another does not create a forbidden pattern of V
(resp.H). Note that this lemma strongly use the fact that H and V are nearest-
neighbor SFT and is not true for SFT.
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Proof. Indeed, it is clear that these propositions are necessary if H and V are
compatible. By using compactness, we can also show that it is su�cient : suppose
that the propositions are veri�ed, then for any con�guration a of H you can
construct a valid strip of any width with a in the middle. by alternately applying
the �rst two formulas to stack enough lines to obtain a strip of any width with
a in the middle. Similarly you can stack columns for a con�guration of V .

We now should show how to computationally verify these four propositions.

Proposition 1. Given two nearest-neighbor SFT U and V , it is decidable whether
U and V are fully-compatible.

Proof. H can also be seen as the set of bi-in�nite walks on some digraph. Let
Σ be the set of vertices with an edge between l and l′ if and only if (l, l′) /∈
FH . Con�gurations of H then correspond to bi-in�nite walks in this graph.
Same goes for V . We can construct the graph (Σ,AH) and (Σ,AV ) where:
AH = {(l1, l2) /∈ FH},AV = {(l1, l2) /∈ FV }.

Let us show how to verify the proposition 1), the other ones being similar.
Take the digraph (Σ2 \ FV , A) where A = {((l1, l′1), (l2, l′2)) | (l1, l2) ∈

AH , (l′1, l
′
2) ∈ AH} (see example in �gure 1). It is now su�cient to study the bi-

in�nite walks of this new graph, omitting the second element of each state. More
explicitly, we are interested in {(li)i∈Z | ∃(l′i)i∈Z, (li, l

′
i)i∈Z is a bi-in�nite walk }.

We can now directly identify this set with {a ∈ H | ∃b ∈ H ∀i, (ai, bi) /∈ FV }.
All that is left is to verify that this set isH, we reduced the problem to testing

the equality of the languages of two graphs (or automata), which is decidable.
The algorithm for the compatibility problem can be summed up as:

� Build (Σ,AH) and (Σ,AV )
� For each one of the four propositions :

• Build (Σ2, A)
• Switch to (Σ,A) by erasing the second elements
• Verify the equivalence of (Σ,A) and (Σ,AH) (or (Σ,AV ) depending on
the current proposition)

� H and V are compatible if all the propositions were found to be true.

4 Undecidability result

We have shown that for the class of pairs of nearest-neighbor SFTs, the problem
is decidable. In this section we show that this problem is undecidable for the
complementary class with respect to the class of pairs of SFT. In other words
there is no algorithm to decide if two subshifts are compatible when at least one
of them is allowed not to be a nearest-neighbor SFT.

In the previous section, we assumed that FH and FV contain only patterns
consisting of two adjacent letters. But in the case of a subshift that is not a
nearest-neighbor SFT, there are larger forbidden patterns, the propositions 1),
2) are no longer su�cient to build a con�guration with any con�guration of H
as one of its lines.

We will proceed by reduction from the well-known Domino problem.



Vertical-Horizontal Full Compatibility of one-dimensional Subshifts 7

(Σ,AH)

0 1

2 3

(Σ,AV )

0 1

2 3

(Σ2, A)

(0, 0) (1, 2)

(2, 1) (3, 3)

Fig. 1. Caption

De�nition 5. Domino problem Given Σ an alphabet and F a �nite set of for-
bidden patterns on Σ. Is the subshift de�ned by F empty ?

This problem is known to be undecidable [13], even when the patterns are
those of a set of wang tiles, a special case of NNSFT. In the following part we will
consider that the Domino problem instances are NNSFT described by forbidden
patterns whose supporting sets consists of two adjacent cells.

Theorem 1. When V is a nearest-neighbor SFT and H is SFT, there is no
algorithm to decide whether they are compatible.

Proof. Let X be a two-dimensional NNSFT on the alphabet Σ, described by
its �nite set of forbidden patterns F . Write F = Fh ∪ Fv by separating vertical
and horizontal constraints. Without loss of generality, we can assume that there
are words in ΣZ avoiding Fh, as well as words avoiding Fv. Indeed, this can be
computationally veri�ed and X would be trivially empty otherwise.

Let Σ′ = Σ ∪ {#} with # /∈ Σ. Now let H be the SFT with alphabet Σ′

and forbidden pattern set {(a,#) | a ∈ Σ}∪ {(a, b, c) | a ∈ Σ, (b, c) ∈ Fh}. Thus
a word of H is either the word ω#ω, or a word on Σ avoiding Fh, or word of the
form ω#ax where a is any letter from Σ and x is the half of a word on Σ avoiding
Fh. Intuitively, in H, consecutive letters from Σ must respect constraints of X
except when they are preceded by the special symbol #. We choose V to be
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the nearest-neighbor subshift on Σ′ avoiding Fv. It's the set of con�gurations
consisting of sequences of letters from Σ avoiding Fv, interrupted by sequences
of #.

The claim is that H and V are compatible if and only if X is not empty.
Suppose that H and V are compatible. Let x be a word in ΣZ avoiding Fv,

x is in V and there must be a con�guration c of the combiner with its column
0 being x. As patterns of the set {(a,#) | a ∈ Σ} are forbidden in H, all the
columns on the left of column 0 do not contain any occurrence of the symbol #.
Then the half plane c |Z×N∗ avoids both Fh and Fv so by compactness we can
extract a valid con�guration of X from it.

Reciprocally suppose that X is not empty, and let x be one of its con�gura-
tions. We must �nd con�gurations of the combiner for each of the words of H
and V . We �rst deal with H. Let h be a word of H, de�ne c such that c(i,0) = hi

and c(i,j) = # otherwise, then c is a con�guration of the combiner. Now let v be
a con�guration of V . v consists of an alternation of (possibly in�nite) sequences
of # and of letters from Σ avoiding Fv. We construct the 2D con�guration c as
depicted in �gure 2 :

� c(0,j) = vj for all j
� c(i,j) = # for all i < 0 and all j
� c(i,j) = # for all if i > 0 all all j such that c(0,j) = #
� c(i,j) = x(i, j) for all if i > 0 all all j such that c(0,j) ∈ Σ

c is indeed a con�guration of the combiner as adjacent Σ letters from column 0
and column 1 do not have to avoid Fv as they are always preceded by a # on
column −1.

#

# #

# #

# #

x

x

x

b

a
b

b

a

b

a

↓
v

Fig. 2. Construction of a con�guration with a given v as one of its columns
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The undecidability extends trivially to the general case (SFT, so�c, or e�ec-
tive subshift).

5 Undecidability of 3D compatibility

The 3D compatibility of a 2D SFT and 1D SFT is undecidable, as the emptiness
of 2D SFT already is , A better question is whether three 1D subshifts are fully-
compatible � the de�nition extends naturally requiring each subshift being the
projection along any orthogonal direction.

Proposition 2. Given X, Y and Z three one-dimensional nearest-neighbor SFT,
it is undecidable to know whether X,Y, Z are fully compatible.

Proof. The reduction is done again starting from the domino problem. However,
this reduction is one-to-many. More formally, we reduce one instance of the
domino problem to several instances of 3D compatibility instances.

GivenX an instance of the domino problem, the intuitive idea is to build a 3D
subshift where the domino appear as a diagonal plane, this requires to thicken the
plane to ensure transmission and achieving that along any orthogonal direction,
we do cross at most two cells of the plane. As drawing and thinking in 3D is
not so easy, we �rst give the sketch of the proof in 2D (which by itself does not
prove anything as 1D-SFT emptiness is decidable).

Let us take a 1D nearest-neighbor SFT language L over alphabet Σ de�ned
by the set of forbidden words F . We want to construct two 1D-SFTs X and
Z such that each non-uniform 2D con�guration in the combiner corresponds
exactly to one con�guration of L (up to a shift). For this, we construct the
alphabet Σ ∪ Σ′ ∪ {#,−} where Σ′ is a copy of Σ. The encoding is as follows
(see �gure 3): for a word (ai)i∈Z, we places ai at position (i, i), a copy a′i at
position (i+1, i), − at position (i, j) for j < i and # at position (i, j) for j > i.

To achieve this encoding, we de�ne the (copy) 1D-SFT X as the closure of
the set {ω− a a′ #ω | ∀a ∈ Σ}. And the (check) 1D-SFT Z as the closure of
{ω− a′ b #ω | ∀(a, b) admissible pattern of size two}.

It is clear that any encoding of a word of a ∈ L satisfy that every line is in X
and every column is in Z. It is also clear that any con�guration of the combiner
is either composed only of −, only of #, or is an encoding of a word of L.

The last point is to note that X and Z may not be fully compatible even
though L is non-empty (that is some case of consecutive letters could be allowed
but never occur). If they are not compatible, there is still two fully compatible
subshifts X ′ ⊂ X and Z ′ ⊂ Z such that their combiner is exactly the combiner
of X and Z . The key point is that since both X and Z are �nite up to shift,
there is only a �nite number of possibilities for X ′ and Z ′ and if ever L is not
empty, X ′ and Z ′ are distinct from ω−ω ∪ ω#ω

Thus, the algorithm for deciding if L is empty is the following:

� Construct X and Z
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a0 a′
0 # # # # # # #

− a1 a′
1 # # # # # #

− − a2 a′
2 # # # # #

− − − a3 a′
3 # # # #

− − − − a4 a′
4 # # #

− − − − − a5 a′
5 # #

− − − − − − a6 a′
6 #

− − − − − − − a7 a′
7

− − − − − − − − a8

Fig. 3. Encoding of a 1D-nearest-neighbor SFT in two 1D-nearest-neighbor SFT

� For any SX ⊊ Σ and any SY ⊊ Σ′×Σ, take X ′ be X with SX as additional
forbidden patterns and Z ′ be Z with SZ as additional forbidden patterns,
test whether X ′ and Z ′ are fully compatible.

� If there at least one pair verifying this, L is not empty.

The real 3D case is very similar to the previous one except we add one addi-
tional subshift Y . Let us take a 2D-nearest-neighbor SFT S and a con�guration
a(i,j) ∈ ΣZ. The encoding is done by putting: a(i,j) at position (i, j, i+ j), a′(i,j)
at position (i + 1, j, i + j), a′′(i,j) at position (i, j + 1, i + j), and as previously,
preceded by ω− and followed by +ω. It can be noted that this encoding places
two symbols a′(i−1,j) and a′′(i,j−1) at position (i, j, i+ j − 1).

We construct similarly over the set Σ ∪ (Σ′ ×Σ′′) ∪ {#,−} the 1D-SFT:

X = {ω− a (a′, b′′) #ω | a, b ∈ Σ}
Y = {ω− b (a′, b′′) #ω | a, b ∈ Σ}

Z = {ω− (a′, b′′) c #ω | (a, c) admissible horizontal pattern, (b, c) vertical one }

The properties and algorithm are the same as in the 1D case but here, since
tiling by 2D-nearest-neighbor SFT is undecidable, it implies that checking full
compatibility of three 1D-nearest-neighbor SFT X,Y and Z is undecidable.
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